ELEMENTARY SOLUTIONS FOR CERTAIN PARA-
BOLIC PARTIAL DIFFERENTIAL EQUATIONS()

BY
HENRY P. McKEAN, ]JR.

1. Introduction. Let S be an open interval(?) (s;, s2), not necessarily
bounded above or below; let ¢(x) be continuous on S and =0; let m(dx) be a
Borel measure, strictly positive on open subsets of S; and let D(8) be those
continuous functions #(x) on S to the real numbers R such that the one-sided
derivatives,

wt(x) = lim e Y(u(x + ¢ — u(x))
el 0

and

wt(dx)/m(dx) = lim m(x, x + €] (ut(x + € — wH(x)),
elo

exist, the second being continuous on .S, so that the operator,
1.1) B:u € D(B) — ut(dx)/m(dx) + c(x)u(x),

is linear on the domain D(fB) to continuous functions. Such operators have
been characterised by W. Feller [1] and are important for the description of
certain random processes: see W. Feller [2]. The classical second order
operator,

(1.2) B = a(x)d*/dx? + b(x)d/dx + c(x),

is a special case, provided @, b, and ¢ are continuous on S, a(x) >0, and
¢(x) =0: see [1, p. 95].

The purpose of this paper is to construct (1) the spectral representation
of the operator (1.1), acting in a suitable Hilbert space, and (2) the ele-
mentary solution for the parabolic partial differential equation,

(1.3) u(2, x) = Bu(t, x), t> 0,

subject to certain (classical) side conditions, to be described in §2.
Concerning (1): since (1.1) is a generalized Sturm-Liouville operator, it is
not surprising that it can be represented by an eigendifferential expansion
like those introduced by H. Weyl [3] in his studies of the classical Sturm-
Liouville operator and perfected by M. H. Stone [4], E. C. Titchmarsh [5],
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and K. Kodaira [6]. These writers place no restriction on the behaviour of ¢
save that it be continuous. Here, we take it <0, which makes the appropriate
contractions of B negative semi-definite and permits a simple, completely real
construction for the eigendifferential expansions.

Concerning (2): let C(S) be the space of bounded continuous functions
u(x) on S to R, provided with the customary norm, ”u”m=sup Iu(x)], let
C(B) be those u&D(B)NC(S) such that Bu & C(S) once more, and let B
be a classical side condition, that is, the collection of those & C(B) which
satisfy a pair of classical boundary conditions,

(1/3)u(s) + (2/3)wt(s)) = 0 and  u(s) = 0,

or the like. Given such a side condition, we shall construct the elementary
solution p(t, x, s)(t>0,xES, sES) to (1.3) and show that it has the properties
listed below:

El. p(t, -, -) is positive and symmetric on SX.S for each £>0.

E2. The derivatives 0%/dt"p(¢, -, s) belong to the side condition B and

an/atnp(t’ .ls) =%np(t, ',S), t>0ys€S)ngo-
E3. [sp(t, x, s)m(ds) =1, t>0, xES.
E4. The Chapman-Kolmogorov identity,

o+t %, 5) = f p(t, x, £) p(b, &, 5)m(df),
S

is satisfied.
ES. The operators,

Seu € C(S) —>f p(t, x, s)u(s)m(ds), t> 0,
s

constitute a semi-group, mapping C(S) into C(S), and one has
an/atr(Sw) (x) = B (Sw)(x), t> 0,4 & C(S),n>0.
E6. Given v& C(S) such that Bv is continuous near x &S, one has
(Sw)(x) = v(x) -+ {(B)(x) + 0(1), ¢l 0.

ReMArk 1.1. Elementary solutions for the classical operator (1.2), sub-
ject to a variety of classical side conditions, have been constructed by ]J.
Elliott [7] and E. Hille [8]. Also, W. Feller [9] has constructed the ele-
mentary solution for (1.2) with time dependent coefficients, subject to the
uniqueness condition,

f a(t, x)~Y4dx = f a(t, x)~V2dx = + o, t> 0.
z<0 >0
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Our plan of attack is this: let B be a classical side condition, let p(¢, x, s)
be the corresponding elementary solution, and choose v&C(S). Keeping E4
and ES5 in mind, it is clear that the transform,

w = f +°°e"“(S¢v)(x)dt
(1'4) . o0
- f f e#tp(t, %, 5)dio(s)m(ds), >0,
SY o

should belong to B and that we should have (u—8)w=v, or, what is just
about the same, that the kernel,

+0
(1.5) Gl ) = [ empte w9t >0,
0

should be the Green function for the problem,
(1.6) v —B)w =1, w € B, v E C(S),

and this shows that, to construct the elementary solution, it is a good bet to
construct the Green function for (1.6) and to invert (1.5).

§2 contains the precise description of the classical side conditions, the
construction of the Green function, and various properties of the Greem
operators,

a.mn Qv € C(S) —>f G(x, s, p)v(s)m(ds), u>0,
8

which we shall need in §§3 and 4.

§3 contains the eigendifferential expansions for the Green operators, the
Green function, and the operator 8, viewed in the appropriate Hilbert space.
These are constructed by approximating the proper Green operators by
suitable compact Green operators. Similar approximations have been made
by N. Levinson [10; 11] and K. Yosida [12; 13].

§4 begins with the remark that the eigendifferential expansion for the
Green function suggests a simple way to compute the inverse transform,

e+100

(1.8) o, %, 5) = (21ri)_1f e*G(x, s, p)du, t, e >0,
and it is shown that p(¢, x, s) is the elementary solution to (1.3), subject to
the going side condition and enjoying the properties listed in E1, E2, - - -,
E6 above.

REMARK 1.2. S. Karlin and J. McGregor [14] and W. Ledermann and G.
Reuter [15] have constructed the elementary solutions for certain parabolic
equations, %, = Bu, in which B is a difference operator, and have obtained the
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appropriate eigendifferential expansions. Karlin and McGregor have an-
nounced similar results for certain differential operators which will be pub-
lished soon(?).

Acknowledgement. 1t is my pleasure to thank William Feller who sug-
gested the subject of this paper and to whom I owe a number of substantial
improvements. Also, I would like to thank D. Ray for spotting a variety of
errors.

2. Side conditions and Green functions. Let B be the operator (1.1),
acting on the domain D(®), let m(dx) be the measure involved in B, let
n(dx) be the measure (1 —c(x))m(dx), set

Js = (—)‘fo“n(O, x)dx and K; = (—)‘fo‘ixn(dx) (t=1,2),

and, imitating W. Feller [16, p. 487], let us make the
BouNDARY CLASSIFICATION. Given 2=1 or 2, the boundary s; is said to be

regular if Ji<+ o and K;< 4+ «;
exit if Ji<+4 o but K;= 4 o;
entrance if Ji=+4 o but K;< 4+ o;
natural if Ji=+4+ o and K;= 4+ «().

ReMArRk. H. Weyl’s Grenzpunkt-Grenzkreis boundary classification
[3, pp. 223-228] can be made, but will not be necessary below. The regular
boundaries correspond to the Grenzkreisfalle always, but the exit, entrance,
and natural boundaries can exhibit both kinds of behaviour: see J. Elliott
[7, pp. 408-409].

Keeping the Boundary Classification in mind, choose numbers p; and
€10, 1], take =1 or 2, and let B; be those v&D(B) such that(®)

(1 = pv(ss) + (—=)ipavt(ss) = 0, s; regular,
o(ss) = 0, s; exit,

vt(s) = 0, s; entrance,

v(s) is bounded near s;, s; natural.

These manifolds are the classical boundary conditions, and the intersections,
B = BN\ C(B) N By,

are the classical side conditions. We find it convenient to distinguish the

() [Private communication.]

(%) This neat description of the boundary classification was suggested to me by K. Ité
[private communication].

(%) Here and below, the numbers, v(s;) and v*(s;), are the boundary values, lims,; »(s)
and lim,—,; v¥(s)(G=1, 2).
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minimal boundary conditions, B? and Bj, which correspond to ;=0 and
p2=0.

The next step is to choose a side condition B and to construct the Green
function for (1.6). Given an operator (1.2), this is _classical, and, since the
calculations necessary here differ so little from the classical ones, we shall be
content to have a sketch: compare W. Feller [16, pp. 482-493] and E. Hille
[8, pp. 104-124].

Given uER, the homogeneous equation,

(2.1) By = uv, v & D(B), s > 0,

is equivalent to the integral equation,

v(x) — v(0) — 2v™(0) = fz dsf (u — c)vm(dt) (x> 0)
(2.2) °ooTe

= j;o dsj‘(‘m (& — ©)vm(di) (x = 0),

and the classical iterative procedure shows that (2.2) has (1) two independent
solutions and (2) one and only one solution » with prescribed »(0) and %(0).
We find it convenient to distinguish the two independent solutions, e:(-, u)
and ey(-, u), specified by the conditions,

a0 w) =1, & =0 eu =0 ea0u=1,

and to remark that e;(x, -) and e;(x, -) are continuous on R(xES).

Given p>0, (2.1) has a positive strictly increasing solution #%;(-, u) €EBy, a
positive strictly decreasing solution u2(-, u) EBs, these solutions are inde-
pendent, and no solution belonging to B, is independent of #;(-, u), no solu-
tion belonging to B, is independent of #s(-, u). Moreover, the Wronskian,
uf us —wui, is constant(®) and positive on S, and we can suppose that it
is=1. The behaviour of these solutions near the boundary s is exhibited in
Table 1. We note that to describe the behaviour of (-, u) and (-, ) near
the boundary s;, we have merely to interchange the subscripts 1 and 2 and
to substitute

0 8,
—ut and f (-)m(dx) for wt and f 2(~)m(d::c).
8 0
To continue, set the contraction 8/B=@® and make up the Green func-

tion, according to the classical prescription,

G(x, s, u) = wi(x, w)us(s, p) (x=<5s)

(2.3)
wi(s, wus(x, p) (x> s).

(®) This fact is due to W. Feller [1, p. 105].
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TasBLE 1
Regular Exit Entrance Natural
(52, ) <+ <+ =+ =+
=0 ﬁ2=0
(52, 1) >0 pr>0 =0 >0 =0
o (52, 1) <+ =+ <+ =4
<0 <1
43 (52, 1) o ;;1 <0 =0 =0
[ “uman <o —fw
0
f ’uqm(dx) <+ <+ <+ > <+
0
Then the Green operator,
(2.4) Ouiv € C(S) —>f G(x, s, wv(s)m(ds), u>0,
s

maps C(S) onto B and satisfies (u—B)®,=1, being, in short, inverse to the
operator (u—@),

(2.5) WGl = 1, w>0,
the resolvent equation,
(2‘6) @p - @X + (”’ - x)@p@)\ = O, M, )\ > 0,

is satisfied, and, combining (2.5) and (2.6) and making a short computation,
one obtains

2.7 & )", = (—)n®, ", n, p >0,

the derivatives being taken in the normed C(S) operator topology: compare
E. Hille [17, pp. 99 and 110]. Notice that (2.7) is equivalent to the classical
Green function identity,

gy TIWEE 5 = f 60 6 WG
e Gle s, Wym(E)m(dE) - - mdE),  mu > O,

We shall need to know that the side condition B is not inconveniently
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small. The necessary information is contained in the

APPROXIMATION THEOREM. Let Cy(S) be those v& C(S) vanishing near the
boundaries and let Co(B) be the intersection C(B)MNCo(S). Given €>0 and a
positive v Co(S), there is a positive v.E Co(B), vanishing outside the support
of v and such that

“v - m”,, <e

Proof. The construction is straightforward and will not be reproduced.
One more remark and this will be convenient below:

(2.9 Gt = f . 0*+/0xG(x, 5, w)o(s)m(ds) ("), v & C(S),n> 0.

3. Eigendifferential expansions. Let La(S) be the space of m-measurable
functions v on S to R such that [|v“z=(fsv(x)2m(dx))"2< + «, modulo the
ideal of null functions, let («, v) = [su(x)v(x)m(dx) be the inner product, and
consider the new Green operators,

(3.1) G € 1)~ [ Gla s, ulsm(as), u> 0.
S

These have a sense because ”G(x, Y u)”2<+ © (x&ES, p>0), and, keeping
the norm condition (2.5) in mind, we have

”&ﬂ;iLmM@(LG@mem@mewwm@»

< f . m(dx) (®,1)(x) fs G(x, s, n)u(s)*m(ds)

< |42, r>0,u € L),
so that
(3.2) YlGJ. =1, u> 0.

Also, it is clear that these operators are solutions to (2.6), and, as such,
have a common range Q and a common null-space N. Choose #&N. Since
G(-, -, u) is symmetric on SX.S, the operator €, is symmetric,

(@#u’ 7") = (u’ @5#7)) = 0) v E CO(S)r

and, noticing that such ®,v are dense in L,(S) by the Approximation Theorem
of §2, we see that » =0, that N is trivial, and that our new Green operators
are one-one. But more than this: since (2.7) is a consequence of (2.6), we
have

(") Here, 8%/9x stands for the obvious one-sided partial derivative.
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00
(3.3 (Cuu, u) = f [| @y |2, >0, u C Ly(S),
»

which together with the remark just above, shows that our new Green opera-
tors are, in addition, positive definite.

To continue, choose u>0 and let € be the operator u—@; ', acting on the
common range Q. Simple computations, based on (2.6), show that € is inde-
pendent of u and satisfies

(3.4) =66 =1, k>0,

and it is clear that € is maximal symmetric and negative semi-definite,
mapping Q onto Ly(S).

The subject of this section is the spectral structure of the operator €
and the new Green operators (3.1).

REMARK 3.1. The precise description of the domain Q will not be neces-
sary below, but we shall sketch it here. Let D(£) be those m-measurable %
on which the operator,

Q:u— Qu = wt(dx)/m(dx) + c(x)u(x),

makes sense, the derivatives being taken in the appropriate sense, and let
Ly,(Q) be those « €D ()N Ly(S) such that Qu belongs to L:(.S) once more.
Given ¢=1 or 2, let I be the interval (min (0, s;), max (0, s;)), and let Q; be
those #&D(Q) such that

wE LD, ml) =+,

ut(s;) = 0, m(l) < 4+ o,

and uEB; otherwise.

s; natural,

Then, the domain Q is the intersection, Q1M Ly(2)MQe, and the operator €
is the contraction Q/Q.
Getting to work, let us begin with a special case.

THEOREM 3.1. When no natural boundaries are present, the Green operators

(3.1) are compact, and there exist numbers 0Zuy>pe> + + + | — » and a basis
(v5: >0) 1n Ly(S) such that
G, = E (b — p) o @ v, u>0,

>0
the operators v;®v; being the projections, v;®v;: uC Ly(S)—vi(u, v). The num-
bers u; are the common eigenvalues and the functions v; the common eigenfunc-
tions of the operators & and G, that is, v;EBNQ and &v;=pw;= Cv; for each
4>0. Moreover, the Green function is represented by the eigenfunction expansion,

G(x, s, 1) = 2 (u — u) 0:(2)v:(s), x>0,
>0
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the sum converging uniformly on compact squares in SXS.

Proof. This has been proved for the classical operator (1.2), subject to the
condition that ¢(x) be continuous on the closed interval [si, sz], by J. Elliott
[7, pp. 412-417], and the calculations necessary here are much the same.
Actually, she shows that the traces,

(3.9) tr (@) = [ Glo,smmds) = X 6 —

s >0
are <+ «, which is stronger than the compactness statement, but this will
not be necessary below.

Dropping the condition that no natural boundaries be present, the Green
operators are not necessarily compact, and the eigenfunction expansion for
the Green function may not have a sense, but it has a counterpart, namely
the eigendifferential expansion advertised in §1, to which we now turn.

THEOREM 3.2. There is a Borel measure f(-) on (— o, 0] to 2X2, sym-
melyic, positive semi-definite matrices, such that, if e¢(-, u) is the 2-vector whose
entries are the solutions, e, (-, u) and es(-, u), to (2.1) and if the measure e(x, s, du)
is the inner product e(x, u)f(du)e(s, w) of the vectors e(x, u) and f(du)e(s, u), then

o+
G sN = [ 0= wyele s, du), A >0,

—00
the integral converging uniformly on compact squares in SXS.

Proof. Let SiCS:C - - - be open intervals in S such that U,0S,=S, each
containing 0, coinciding with S near the regular, exit, and entrance bound-
aries, and falling strictly short of the natural boundaries, and set
S»n=(S1n, S24). Let B, be the operator B cut down to S,, let C(B,) be those
u & C(S,)ND(B,) such that B,u belongs to C(S,) once more, let B;, be the
minimal boundary condition D(8.)(v: v(sis) =0) when s; is a natural bound-
ary and let B;, express the boundary condition expressed in B; when s; is not
a natural boundary, let B, be the side condition Bi,N\C(B,)N\B:,, and let
Ga(+y -y +), wi(+, -), and we(-, -) be the corresponding Green function and
positive solutions to (2.1).

Take #>0. Then S, has no natural boundaries, and, invoking Theorem

3.1, we can represent the Green function G,(-, -, -) by the eigenfunction ex-
pansion,
(3.6) Ga(x, 5, \) = 20 (N — m)l0:(x)vi(s), A>0,

>0

the numbers p; and the functions v; being the appropriate eigenvalues and
eigenfunctions. Since B.v;=pu; and since the entries of e(-, u;) are inde-
pendent solutions of this equation, there exist 2 X2 matrices f(u;) such that
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v (2)0:i(s) = e(w, p)f(we(s, us) = ez, s, u), i>0.
Choose a Borel set M in (— », 0] and set
f(M) = é:M f(ua)-

Then the entries of {(M) are
(M) = 2 (0220,

wmEM

fe(M) = 22 2(0)0#(0) = fu(M),
wEM

fa(M) = 2 v#(0)2 20,
wEM

the inequality,
(3.7 fu(M)? = fn(M)? £ fu(M)fa(M),
is satisfied, and f(-) is a Borel measure on (— o, 0] to 2X2, symmetric,

positive semi-definite matrices.
The expansion (3.6) can now be written

o+
(3.9) Gale 50 = [ = el s, du), x> 0.
We wish to construct the same sort of expansion for the Green function
G(-, -, -), but this requires some estimates, namely,
0.*.
3.9) {7 0= w2ul@w s x16:0,0,%),

—o0

0+ 0+
G100 [ =l = [0 -0 ] =,

-0 —

and

0+
(3.11) f (N — )~ an(du) < N1GA(0, 0, N1

—00

The estimate (3.9) is the simplest to come by. We have

0+
f (N = ) uldw) = 22 (A — 1) ~2:(0)%,

—0 >0

and, observing that

(3.12) O\ — p)loi(x) = Ga(x, s, N)vi(s)m(ds), 1> 0,
Sa
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we see that this is

= Z( GA(0, s, )\)v,~(s)m(ds))2 = G (0, s, N\)*m(ds)

>0 Sn

= Ga(0, 0, N) GA(0, s, M)m(ds) = N1GA(0, 0, N).

Sn

Coming to (3.11), we invoke (2.9) and (3.12) and obtain

o+
[ o= i@ = X 0 - w0

>0

= Z( f . 9+/82Ga (0, s, >\)v,~(s)m(dS))2

>0 n

(81/0xGa(0, s, N))2m(ds)

Sn

wi(0, N)? f wim(ds)
(81,0]

Il

+ wi (0, \)? f wem(ds)

(0,80,)

< Wronskian (w, ws).

['I.U2(O, Nt wm(ds) + wi(0, N\)~? wgm(ds):| =< N1GA(0, 0, N)7L,
(817,0) (0,80,)

and now to prove (3.10), we have only to remember (3.7), (3.9), and (3.11),

and to notice that, by Schwarz’s inequality,

o+ 0+
[ o= welm@n ] = [ o= w0 gutaw |

—00

=( f_j *— u)“’fn(dﬂ))l/2( [To- u>—2fn<du>)mé A,

—00

The next step is to make #n T + «. To avoid confusion, set f(-) =f.(-) and
e(-, -, -)=ea(-, -, -). A simple calculation shows that the Green functions
Ga(-, -, N) converge to the original Green function G(-, -, \)(n T + «) uni-
formly on compact squares in SXS for each A>0, and, combining this with
the estimates (3.9), (3.10), and (3.11) and the weak-star compactness of
measures, it is clear that we can choose a Borel measure f(-) on (— «, 0] to
2X2, symmetric, positive semi-definite matrices, compact intervals R;CR,
C - - - such that U,so Ra=(— =, 0], and open intervals $;CS:C - - - CS,
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like those described above, such that [rp(u)fs(du)— ro(W)f(du) (n 1+ »)
for each j>0 and each v& C(R)).

Let us make these choices. Then, keeping the positive semi-definite charac-
ter of f(-) in mind and setting e(x, u)f(du)e(s, u) =e(x, s, du), we have

o+
f N\ — wle(x, x,dp) = lim lim N\ — p)len(x, x, du)
—%o it4e nt+w Rj

=< lim Gu(x, x, N)
nl+eo

G(x, %, \) < + o, A>0,2E€ S,

and, by Schwarz's inequality,

1/2
f,‘@ = l")—ll e(x, s, dp) | =< (j;e;nj()‘ — ) le(x, x, dy)) G(s, s, \)1/2

R;

=o) (G T + =), A>0,25CS,

the o(1) being uniform in s on compacts. Consequently, the integral,

0+
(3.13) Gol(x, 5, \) = f N — w7 le(n, s, du),
converges and is continuous in s for each A\>0 and xE€S. This kernel should
coincide with the Green function G(-, -, -) but, to prove this, it is necessary
to estimate the tail of the integral, [, (N —u)~le.(x, s, du).
Choose # &€ Co(B) and n>0 so large that S, contains the support of u.
Then ¥ EB, and

‘fs j:aGER,-O\ — w)7en(x, 5, dp)u(s)m(ds)

= 2 (N = p) o) vi(s)u(s) m(ds)

S uiCt Ry
=| 2 (=) l0(x) wv;m(ds)
wi€ER; Sa
= O — u) " oi(@ur | wBaoim(ds)
1877 Sa

= Z O — w) n@u sB,.uv.m(ds)
R

< sup | wi|Ga(x, , x)lfz( f (sau)zm(ds))
na&R,‘

0(1)(]T+d)), x>0’x€Sn
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by Schwarz's inequality, the o(1) being uniform in # provided # is so large
that S, supports «.
Therefore, keeping the same %, we have

f G(x, s, Nu(s)m(ds) lim Ga(x, s, Nu(s)m(ds)
s

nl+4w S
0+
= lim f f O = W) leas, s, duyu(s)m(ds)
nl+wo SY —

lim f O = W) enls, s, du)u(s)m(ds) + o(1),
nt+w SY R

where the 0(1)>0 (T + «) and is uniform in # in the sense just described,

= [ [ o= et s, autm@) + o)
sY R;

—>f Go(x, s, N)u(s)m(ds) G T+ =),
8
by bounded convergence, that is,
[ a5 M) = 6w s Mm@ =0, we Cud).
s

But, Co(B) being dense in Co(S) by the Approximation Theorem of §2 and
Go(x, -, N\) —G(x, -, N\) being continuous on S for each A>0 and xES, it is
clear that

o+
G 5N = Gulms, M = [ (= w)rel, 5,

)

everywhere, and, in particular, that

(3.14) N = w7le(x, %, du) T G(x, x, N) G T+ =)

Rj

To complete the proof, we have merely to show that the integral in (3.13)
converges uniformly on compact squares in SX.S, but, by virtue of (3.14)
and the fact that G(x, x, \) is continuous on .S, this can be done just as in
Mercer’s theorem: see [18, pp. 117-118].

COROLLARY. The measure §(-) is unique.

Proof. This is an immediate consequence of the uniqueness theorem for
Stieltjes transforms: see D. V. Widder [19, p. 337].
To continue, remembering that € is maximal symmetric and negative
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semi-definite, it is a simple matter to show that there is a spectral measure
p(-) on (— =, 0] to projections, such that

o+ o+
(3.15) G = f widn) and G= [ 0= i), x> 0.

The projections p(-) will now be calculated.

THEOREM 3.3. Let M be a bounded Borel set in (— o, 0] and let e(x, s, M)
be the kernel [we(x, s, du). Then

leG, -, M)|le < elx, 2, M), xS,
and the projection p(M) is the Carleman operator,

p(M):u € L(S) —)fs e(x, s, M)u(s)m(ds).

Proof. Choose 7, and v, Cy(S) and a bounded Borel set M in (— =, 0].
Then

(G, ) = f ) v2(x)m(dx) fs G(x, s, Nvi(s)m(ds)
0+
= 2 d - -1 y 9y 1
fs () m(dz) fs f_w O — W) e(s, 5, du)ea(s)m(ds)

o+
= [T a—i [ et wm@nian S oot wmas),

—o0

the integral being absolutely convergent,

=( f :L N\ — wp(du)os, vz)

o+
= [ 7o - W@, 5, x>0,

—0

and so

Gmw = [ [ s wm@i@) [ ae wm@),

by the uniqueness theorem for Stieltjes transforms [19, p. 336]. Since, in
addition, Co(S) is dense in L,(S), we have

p(M)y = fs e(x, s, M)v(s)m(ds), v € Co(S),
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and now we shall be content to prove
(3.16) He(x, - M)“2 = e(x, x, M)'2, x€E S,

leaving the second (obvious) statement to the reader.
Set

o+
e(x, s, v) = f v(u)e(x, s, du), v € Co(— », 0].

Then, by bounded convergence and Fatou’s lemma, it suffices to show that
”e(xr Ty 'U)“2 = e(xr x, 1)2)”2, x e S; v E CO(_ ©, 0]7

and to prove this, we have merely to observe that, by Fatou’s lemma, in the
notation of Theorem 3.2,

lets. - ol = (7

—0

< lim inf ) ( f_ 00: v(w)enq(x, s, dp))2m(ds)

nl+wo

o(We(, 5, dﬂ)) m(ds)

= lim inf ( > v(p;)v.-(x)v;(s))zm(ds)
8n

nl+e >0
= lim inf D v(u:)%:(x)?
nl+w >0
0+
= lim v(l"’)2eﬂ(x) X, d”')
nt+4ew )
= ¢(x, x, v2), xES.

Combining (3.15) and Theorem 3.3, we have the eigendifferential ex-
pansions,

0+
(3.17) Gu € L)~ [ uleta -, ), 0
and
o+
(3.18) o € Ly(S) — f N — w) e, -, du), w), >0,

advertised above: compare M. H. Stone [4, pp. 448-530].

REMARK 3.2. Splitting the positive measure fi;4fs; into pure jump and
continuous parts, the point spectrum of € is the support of the pure jump
part and has uniform multiplicity 1, the continuous spectrum is the support
of the continuous part and has multiplicity 1 or 2.
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4. Elementary solutions. Remembering that the Green function has the
representation,

o+
(4.1 GG N = [ = et s, du), x>0,
and that (1.5) is supposed to be true, it is natural to hope that the kernel,
0+

(4.2) (2, %, 5) = f ete(x, s, dp), t> 0,
will be the elementary solution to (1.3), subject to the side condition B, and
will enjoy the properties listed in E1, E2, - - -, and E6 in §1.

Starting from scratch, take compact intervals RiCR.C - - - such that

Ujs0 Rj=(— =, 0]. Then each

f ete(s, 5, du), i>o,
R

$]
is continuous on (0, 4+ ©)XSX.S, and, choosing €>0 at pleasure, we have,
by Theorem 3.2,

f e*| e(x, s, du) | < f &a e e(x, 5, du) |
€ Ry

uCER;

=< constant f (1 — ] ez, s, du) |
s R;

J

o) (G 1T+ =) t2 e

the o(1) being uniform on compact squares in SXS. This shows that (4.2)
exists and is continuous on (0, + «©) X.SX.S.
To continue,

+o0

4.3) Gz, s, 1) = f emp(t, x, 5)dt, w>0,
0

by a classical theorem for the Stieltjes transform [17, p. 334]. Since, in addi-
tion,

(=)ron/ounG(x, s, u) > O, n =0,

by the Green function identity (2.8), G(x, s, -) is completely monotonic, and,
combining this with S. Bernstein's theorem [18, pp. 160-162], we see that
p(t, x, s) is positive, and now to check E1, we have merely to notice that
p(t, -, -) is symmetric on SXS, e(-, -, du) being symmetric there.
REMARK 4.1. One can show that p(¢, x, s) is actually strictly positive.
To show that p(¢, x, s) satisfies E2, it is necessary to construct certain
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auxiliary functions ¢(-, -, -) whose purpose is to connect the behaviour of
p(t, -, s) near the boundaries to the behaviour of p(-, x, s) near t=0. This is
carried out in

THEOREM 4.1. Given x and s &S, there exists a right continuous increasing
function ¢(x, s, -) on [0, 4+ ) to R, vanishing at 0 and such that

w(x, wu(s, w)* (x <)

Il

+o0
1 —stdp(x, s, &
0 f_e o(, 5, 1) s

us(x, wua(s, )™ (x> 5)
() o(x, 5, + ©) =1,

3) o(-, s, 1) is convex and increasing on (s1, s), convex and decreasing on (s, s2)»

and

4) o(x, 5, 8) = o(t®) ¢l o0, n>0, x5,
Proof. Choose s&€S, ¢=1 or 2, let I be the open interval (min (s, s,),

max (s, s;)), let B° be the operator B cut down to I, let B be the side condi-

tion corresponding to the going boundary condition at s; and to the minimal

boundary condition at s, let (®2: u>0) be the corresponding Green opera-
tors, and let

v(x’ ”') = ut’(xo “)ui(s) ”’)_l’ x e Ir I > 0.
Choose €>0 and set Av=v(-, u+€) —v(-, ). Then Av=—e®%%(-, u+e)
because AvEB® and (u—B%Av=—ev(-, u-e), ”Av”,,gep." because
”v(-, u+e)|l°°§ 1, and, making € 0 in the equation,
€Ay = — @:v(': b+,
we have
(4.4) 3/dup = — ®,v,

the derivative being taken in the strong C(I) topology.
Now choose #>0 and suppose

(4.5) a/aum = (—)*nl())",

the derivative being taken in the same sense. Then (2.7) and (4.4) show that
there exists one more strong derivative,

0, ntl

" au™0 = (=) + DG,
and, by induction, we see that (4.5) is true for each #>0. Thus,
(=)ro"/oumv(x, w) = O, n20,xc1,
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that is, v(x, -) is completely monotonic (x&I), and so, by S. Bernstein’s
theorem [19, pp. 160—162], there is a right continuous increasing function
¢(x, s, t) on [0, + ») to R, vanishing at 0 and such that

+0
f ertde(x, s, 1) = v(x, p), x &I, pu>0,

which proves (1)(%).
Statement (2) is obvious, v being bounded by 1, and so we turn to (3).
Choose ¥, and 2, and a number p& [0, 1], let A be the difference operator,

Atu— pu(x) + (1 — pu(x) — u(pxr + (1 — p)x),
let

t=1+ a4 - - + 4G, n =0,

and consider the transform,
+o0
(4.6) wise(,w) = [ g, s, o

Keeping (4.5) in mind and differentiating both sides of (4.6) » times, we
obtain

4.7 37/0uru— Ay = (= )*nlu—"+DAg,, n=0.

Since v} (dx) /m(dx) =™t (@) " —cv, is positive on I, the one-sided derivative
v} increases on I, v, is convex on I, Av, is positive, and, coming back to
(4.7), we see that

(=)"9r/oumuAv(-, p) Z 0, nz0,zCl

Consequently, by S. Bernstein’s theorem [19, pp. 160-162],

t
ogf Ad(-, s, B)dt, t>Hh >0,
3%
and, varying # and &, it is clear that A¢(-, s, t) is positive and that ¢(-, s, )
is convex on I, x;, x2, and p having been chosen at pleasure.
To show that ¢(-, s, t) increases on I (¢=1), choose x and x+e¢& I (¢>0),
notice that

o(x, s, ) = do(x, x + ¢, 0)p(x + ¢ 5,8 — 0),
()]

by the convolution rule [19, p. 91], and use (2). Similarly, (-, s, t) decreases
on I (1=2), and this completes the proof of (3).

(8) The construction is due to W. Feller [private communication].
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To prove (4), take ¢=1 once more, choose x &I, and consider the trans-
form

+o0
(48) f e—F‘d‘i’(xa S, t) = ul(xl I‘)ul(sv F')—lr . > 0.

We have

s, ) = e, ) + G — D) + [ do f( (e = m(an

> w(x, p) (1 + uf,. m(x, a)do'),

a simple iteration shows that
(4'9) Ml(S, #) > ul(xr ”’)(1 + oup + azﬂz + .- )7

the numbers (a;: 2>0) being >0, and, putting (4.9) back into (4.8), we see
that

+o0
f erde(x, 5, ) <M+ ap+aw?+---)l=0owm" (ul + o)

for each >0, which, combined with the standard Tauberian theorem
[19, p. 192], shows that ¢(x, s, ) =o(t*)(¢] 0)(n=0). The same ideas work
when 7=2.

Coming to the connection between ¢(-, -, -) and p(-, -, -), we state the
simple

LEMMA 4.1. Let h(t) have two continuous derivatives (¢>0), let h(f) =o(t")
(t 1 0) for each n>0, and let "' (t) =O(t*)(t | 0) for some, not necessarily posi-
tive, k. Then h'(t) =o0(t")(t | 0) for each n>0.

We then prove

THEOREM 4.2. (1) The derivatives,

o+
or/otrp(t, x, 5) = f prete(x, s, du), n> 0,

exist and are continuous on (0, + ©) XSXS,

@ ar/arp(t, %, 5) = o(1) (¢ 0), n20,x5#s,

and

t
3 an/orp(t, x, 5) = f d(z, £, 0)0"/0p(t — 0, &, 5), t>0,n = 0,
0
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provided £ is strictly between x and s.

Proof. Statement (1) should be obvious. To prove (2), the crude estimate,
(4.10) 1 H1gn /ot p(t, %, 5) = o(1) ¢l o), n=0,
will be convenient. To see that this is true, take # =0, remark that

o+ o+
(tr+1on/arp(t, x, 5))2 S tnt? f uinetre(x, x, du)f ete(s, s, du),

—00

by Schwarz’s inequality, and e—**/? being > (tu/2)2*(2n!)~! on (—«, 0],
observe that this expression is

o+ o+
< constant ¢ f es!%e(x, x, du)t f et e(s, s, du)
—o0

—0o0

constant (¢/2)p(¢/2, =, x)tp(t, s, 5)
t2 t
< constant f ?(o, x, x)do f #(o, s, s)do
0 0

o), (10,

which is precisely (4.10).
To continue, take x and s&.S and choose some convenient £ strictly be-
tween the two. Then the convolution,

¢w=j:wmaaﬁh}manm

is continuous in ¢,

+
f erdy() = G(x, s, p)
0

+0
= f etp(t, x, s)dt,
0

by the convolution rule [19, p. 91], and we have
t

(.10 [ 0,2 90 = 000 5 65, £.) = o) Lo
[}

for each #>0, which, combined with Lemma 4.1 and (4.10) proves (2),
and now it is a trivial exercise to differentiate the first two entries in
(4.11)(n+1) times, proving (3).

Quite a number of interesting facts about p(-, -, -) can now be obtained
at little cost, and, in particular, E2 can be checked. The necessary informa-
tion is contained in



1956] PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS 539

THEOREM 4.3. Givern n=0, we have

o+ .
(1) ot/oxor/atmp(t, x, 5) = f pretet(x, p)f(dp)e(s, u),

@ avfanarjasorjoratt x0) = [ wevers, witd)ers, w

= 9t/3s0t/dx9"/3t*p(4, x, ),
(3) an/at"p(tr ) S) E B;
(4) 6"/6t"p(t, Y s) = @”?(t: ) S),

identically in the free variables, the integrals in (1) and (2) converging uniformly
on compact squares in SX.S.

Proof. Choose t>0, x and x+€eE.S (¢>0), and compact intervals Ry CR;
C - - - such that Uj5o Rj=(— , 0]. Then, making j T + «, we have

/ot p(t, x + ¢, s) — 3%/t p(t, %, s)

=o(1) + | wre[e(x + ¢ u) — e(x, u) |f(du)e(s, u)

R;

z+e
= o(1) + fk.mew[ew(x, Wt [ a f( (= et n)m(dé‘)] f(du)eCs, )
= o(1) + fR.me‘“e‘f(x, Wi(du)e(s, 1)

z+e
+ f do f( @ [ et = 0t )

the interchanges being justified by Fubini’s theorem. Since, in addition, the
integral,

0+
f ure(u — c)e(t, s, du),

—00

converges uniformly on compact squares in SX.S, we see that

z+e
[Tao [ miaw) [ wrentu = gett, s,
z (z,0) R;
z+e 0+
~ [T f( (et [ woentu = et 5, au) G 1+ )

~ [T [ s ausorsa, & gmae,
z (z,0)
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that the integral,

o+
f uretet(x, p)f(du)e(s, u),

—o0
converges uniformly on compact squares in SX.S, that

on/atmp(t, x + €, 5) — 0*/3t"p(t, x, 5)

0+
=J‘wwmmmmm

+fj+e da‘fm (8/8t — c)on/dt"p(t, £, Hm(d¥),

and this proves not only (1) but also

(4.12) ar/atrp(t, -, s) € D(B)
and ‘
(4.13) (8/3t — B)a~/atrp(t, -, s) = O, t>0,sES.

To prove (2), we have merely to substitute

0+ o+
f uret*dt/dxe(x, s, du) for f uretre(x, s, du)

and to copy the steps, and, to complete the proof, it is sufficient to show that
(4.14) anjatrp(t, -, x) € BiM B, n=20,t>0x&S.

Given x&S, ¢(s, x, t) is positive, bounded by 1, and decreases as s ap-
proaches s;. Moreover, ¢(-, x, t) being convex near s,

@+ & 7 0) — ¢(s, %, 8) L 8%/3s¢(s, %, ) (el 0

boundedly in ¢, and d+/ds¢(s, x, t) is negative and increases as s approaches
S2.
Collecting these remarks, we have, by bounded convergence,

+00
f et lim (s, %, dt = sz, Wy, 1),
0

sts,
+00
f et lim at/ds¢(s, x, £)dt = u~ uzt(sz, w)ua(x, )1,
0 stsy

and, consequently, ¢(-, x, t) EB, for almost all £>0. Similarly, ¢(-, x, t) EB:
for almost all ¢>0, and so

(4.15) o(-, x, ) € BiN By, x € S, almost all ¢ > 0.
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Now take 2=1or 2,220, >0, xES, choose s near the boundary s;, and
pick an e such that s<x+e<x(i=1) and x <x+e<s(¢=2). Then

t
ar/jotrp(t, s, x) = f do(s, x + ¢ a)0"/3t*p(t — o, x + ¢, %),
0
and, integrating this once by parts, we see that
t
(4.16) a7/atmp(t, s, x) = f o(s, x + ¢ 0)3™1 /3 t1p(t — o, x + € x)do.
0

Keeping in mind the properties of ¢ invoked above, we have, by bounded
convergence in (4.16),

t

(4.17) lim a7/at*p(¢, s, x) = f lim ¢(s,  + ¢, 0)3*1/3"+H1p(t — o, x + ¢, x)do
8, 0 Eand X

and

(4.18) lim 8%/dsan/otmp(¢, s, x)

Land N

t
= f lim 8*/ds ¢(s, x + €, 0)3"t1 /3" 1p(t — o, x + ¢, x)do,
0

which, together with (4.15), prove (4.14).
COROLLARY 4.1.

[ euptan =

~—0

1 a%/dx

: 0, 0), t> 0.
d+/ds 9+/dx0+/ds 4 )

Proof. Set x and s=0 in (4.2) and in statements (1) and (2) in Theorem
4.3.
REMARK 4.2. Simple computations show that

Regular Exit Entrance Natural
lim 5,5, 2 :g ;::g =0 >0 =0
(=)¢1im a*/asp(, 5, ) :g : : <0 =0 =0
but a real notion of the shape of p(-, -, -) is hard to come by. One appropriate

remark is this: suppose p(¢, x, -) has a local maximum at x for each ¢>0 and
each x&S. Then s;= — o, 5=+ «, ¢(x) is constant on S, and the operator
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B —c is a constant multiple of the classical second derivative.
The auxiliary function ¢(-, -, -) is remarkably smooth, too. To support
this contention, we prove

THEOREM 4.4. Given s€S, t>0, and n>0, we have

(1) an/atg(-, s, 1) € By M By,

(2) anjfatre(-, s, t) = B p(-, s, t) on (s1, 5) \J (s, s2),
and

3) a"/otrd(x, s, t) = o(1) ¢l o0), x # s,

the existence of the derivatives being part of the assertion.

Proof. Since no new ideas are involved here, we shall be content to have a
sketch. Choose s&€S, ¢1=1 or 2, let 8° be the operator B cut down to the in-
terval I=(min (s, s;), max (s, s:)), let p°(¢, x, £)(¢>0, x, E&I) be the kernel
(4.2) corresponding to the going boundary condition at s; and to the minimal
boundary condition at s, let w,(-, -) and w.(-, -) be the corresponding positive
solutions of (2.1), and remark that w;(-, -) and %;(-, -) are proportional.

Observing that

1 = wit(s, p)Wz(S, B — W1(S, w)wit (s, )
— w(s, wwit(s, ) G=1
wl+(sy l‘)'wZ(s’ “) (1' = 2)’

It

we have

+o0 o0
f e+t lim 0+/9tp°(¢, x, £)dt = lim 9+/9¢ e p(t, x, E)dt
0 &—s s

L]

= wl(xr I“)’wilh(st ”’) = - wl(x’ l")'wl(s: “)—l (1' = 1)
= wf’(s, M)Wz(x, I‘) = wz(x, #)7!)2(5, p,)—l (1, = 2)
= (—)iu"(xr “)u‘(sv /-‘)—1

00
= () [ emdo 5,0, £ E€1u>0,

the necessary interchanges being justified by (3) in Theorem 4.2, and, taking
inverse transforms, it is clear that

t
(4.19) o, s, 1) = (=) f lim 9*/2¢ $a, %, O, sC1,

which can be combined with Theorems 4.2 and 4.3 to complete the proof.

COROLLARY 4.2. Given s€ S, t>0, and x& (min (s, s;), max (s, s;)), the flux
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tdentities,

am1/9img(x, s, £) = (—)* lim a+/9E0n/dt"po(t, %, £), n =0,
E—e

are satisfied (1=1, 2).

Proof. One has merely to differentiate (4.19) (z+1) times.

To come back to p(¢, x, s), we have still to show that E3, - - -, E6 are
satisfied.

Choose xES, set

(4.20) o(t) = fs 2, %, s)m(ds), >0,

and, keeping (1.4), (2.5), and (2.7) in mind, observe that ¢ is lower semi-
continuous, that

+oo

(4.21) [ e = @, >0,
0

and that

(4.22) prt| 9n/oun(®,1)(2) | < !, n=0.

But (4.22) is precisely the condition that ¢(f) be <1 almost everywhere (df)
[19, pp. 315-316], which, combined with the fact that ¢ is lower semi-con-
tinuous, proves E3.

Before we continue, it is convenient to prove

LEMMA 4.2. Given n =20, 8"/3t"p(¢, x, -) is continuous in (¢, x) on (0, + =)
XS in the strong(®) Li(S) topology.

Proof. Choose 220, a neighborhood N =(x, ;) strictly interior to S,
€>0 so small that s;<x;—e and x:+e€<s., pick £>4>0, and set I = (s,
x1—e] and I,=[x,+¢, s2). Remembering (1.6), statements (1) and (3) in
Theorem 4.2, and statement (3) in Theorem 4.4 and setting

o(s) = sup l ™/ (xs, s + (=)', 1) |
<t

ty
f (o, 2: + (=)' s)do ser,i=1,2),
0

= sup I /ot p(t, x, s) | &ELYDL),
(Lz)E (0, @) XN
we see that v& L,(S), that

(®) L1(S) is the space of m-measurable functions v on S to R such that ”v"; = f s Iv(x) Im(dx)
< + o, modulo the ideal of null functions.
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v(s) = sup
<t

sup | 9"/t p(t, s, 5) |
<tz

¢
f 9"t /atvHig(x;, 2 + (—)%, ¢ — a)p(o, x; + (=)', s)do
0

v

Y

t
f qu(x, x4y 0')6"/31"1)(! — 0, X; S)
0

= |onjotmp(t, %, 5) | s E 1, i = 1,2, (¢, x) € (s, ) X N,
and that
o(s) = | 8/atp(t, 2, 8) | s € L\J I, (8, %) € (b, &) X N,

and hence, by dominated convergence, that d7/d¢"p(¢, x, -) is continuous on
(t1, t2) X N, which completes the proof, #, £, and N having been chosen at
pleasure.

Coming to E4, remember that p(¢, -, -) is symmetric on SX.S, choose x
and s&ES, set

6(c) = f ot — o, %, D) p(o, £ s)m(dE), (> a>0,
S

and, keeping Lemma 4.2 and the table in Remark 4.2 in mind, remark that

¥ = o) + [ “o/a0ps = o, 5, D(e, & Im(a)

£
o(1) — Wronskian (p(t — @, %, -), #(a, -, 5)) ’
X1

o(1) (21 | 51, 22 T s2).
This shows that

0= ft2<a<¢l+,2¢'(“)d" (<o <h+h)
= f p(t — (b + 1), x, E)p(ts + 1, & s)m(dE)
S

— [ 5, 900 8 i) > 4+ 1),
S

and, making ¢ | t,+£, we obtain

?(tl + t2, X, S) = f P(tl x, E)P(sr sv S)m(dz)y
S

this being the Chapman-Kolmogorov identity, listed in E4.
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To continue, consider the operators
(4.23) S0 € Lo(S) —>f 2(t, x, s)v(s)m(ds), t > 0(),
s

and notice that E1, E3, E4, (4.3), and Lemma 4.2 have the

COROLLARY 4.3. S; maps L(S) into C(S), ||Si|=1, S: is positivity-
preserving, (S;: t>0) is a semi-group, and

o0

(®0)(x) = f G(x, s, wu(s)m(ds) = f e*(Sw)(x)dt, p>0.
8 0
This covers the first statement in ES5, and, to check the second, we have
merely to remark that E2 and Lemma 4.2 have the

COROLLARY 4.4. Let D,(B) be those u&D(B) such that BucD(B), Bu
ED(B), and so on, and let v be a member of L,(S). Then v(t, x) =(Sw)(x) be-
longs to D.,(B), the derivatives 8"/dt"v(¢, x) exist and are continuous on (0, + )
XS, and we have

an/atru(t, -) = Bru(t, ), t,n>0.

Branching out in another direction, consider the behavior of the operators
(4.23) near t=0, and let us prove

THEOREM 4.5. Given xE.S and a neighborhood N containing x, setting

a(s) =j'( )m(x, o)do (s > 2)

~ [ e, xle (s < =),
(8.2)

and making t} 0, we have

€)) fS_Np(t, x, s)m(ds) = o(t"), n >0,
(2) f @, x, s)m(ds) = 1 + te(x) + o(2),

® J o596 = amas) = o),

4) f p(t, x, S)a(s)m(ds) = t + o(2).

(1) Lo(S) is the space of m-measurable functions v on S to R such that [|o]|.
=inf (8: m(x: Iv(x) ,>/3) =0)< + «, modulo the ideal of null functions.
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Proof. Given xES, €>0, and keeping statement (4) in Theorem 4.1 and
statement (3) in Theorem 4.2 in mind, we have

f (8, x, s)m(ds) = f ‘ do(x, x — ¢, 0) p(t — o, x — €, s)m(ds)
|z—8|>2¢ 0

1<z—2¢

t
+f do(x, 2 + ¢ o) p(t — a0, x + ¢ 5)m(ds)
0

s z+2¢
Séex,x—6t) +o(x,x+¢)
=o(ty (¢l 0), n>0,

which proves (1).
Coming to (2), (3), and (4), pick w;E Co(S) (¢=1, 2, 3) such that

v; = fo - do j: - wi(o)m(do)

vanishes near the boundaries, and, on the neighborhood N, v; coincides with
1, v, with constant+ (s —x), and v; with constant+constant (s —x) +a(s)(11).
Then v;& Co(B), and if we set u;=(u—®)v; and keep (1) in mind, we shall
have

[ # 900m@s) = 583 + o)
(SGu)(x) + o)

ert f +°°e"“’(S,,u.‘)(at:)dcr + o(¥)
+
= v;(x) + (e** — l)f e (S,u;)(x)do

— f te""(Soui)(x)d” + o())

= vy(x) + t(pvi(x) — ui(x)) + o(t)
vi(x) + ¢(Bv:)(x) + o(?) (¢l 0,

and, setting ¢=1, 2, 3 (in this order) proves, successively, (2), (3), and (4).

REMARK 4.3. Estimates like these are important for the description of
random processes with continuous sample functions. The standard procedure
is to consider a smooth Markov transition density p(¢, x, s), to postulate such
conditions (1), (2), (3), and (4), and to show that p(-, -, s) satisfies the
backward equation (1.3): see A. N. Kolmogorov [20], W. Feller [9], A. Khin-
chin [21], and, for the modern approach, W. Feller [2].

(1) The actual construction is straightforward and will not be reproduced here.
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This brings us to E6. Given v&C(S) such that Bv is continuous near
xE.S, choose €>0 and notice that

2(x) + (s — 2)vH(x) + a(s) [(Br) (@) — c(@)v(x) — €]
< o(s)
< o(x) + (s — 2)vH(x) + a(s) [(Br)(x) — c(x)v(x) + €]

on some neighborhood N containing x. Multiplying this by p(¢, x, s), integrat-
ing over N, remembering statements (2), (3), and (4) in Theorem 4.5, and
making ¢} 0, we have

o) + @@ — el +00) < [ 206 7, lIm(as)
N
< ox) + ([BI@) + €] + o),

and, combining this with statement (1) in Theorem 4.5, we see that
(So)(x) = v(x) + UBv)(x) + o(2) ¢l o),

which is E6.
E1, E2, - - -, and E6 have now been checked, and, in particular, we can
state

THEOREM 4.6. The kernel p(t, x, s) is the elementary solution to (1.3), subject
to the side condition B.

REFERENCES

1. W. Feller, On second order differential operators, Ann. of Math. (1) vol. 61 (1955) pp. 90—
105S.

2. , The general diffusion operator and positivity preserving semi-groups in one dimen-
sion, Ann. of Math. (3) vol. 60 (1954) pp. 417-436.

3. H. Weyl, Uber gewshnlicher Differentialgleichungen mit Singularititen und die sugehirige
Entwicklungen willkiirlicher Funktionen, Math. Ann. vol. 68 (1910) pp. 220-269.

4. M. H. Stone, Linear transformations in Hilbert space and their applications to analysis,
Amer. Math. Soc. Colloquium Publications, vol. 15, New York, 1932, ,

5. E. C. Titchmarsh, Eigenfunction expansions associated with second order differential
equations, Oxford University Press, 1946.

6. K. Kodaira, The eigenvalue problem for ordinary differential operators of the second order
and Heisenberg's theory of S-matrices, Amer. J. Math. (4) vol. 71 (1949) pp. 921-945.

7. ]. Elliott, Eigenfunction expansions associated with certain singular differential operators,
Trans. Amer. Math. Soc. (2) vol. 78 (1955) pp. 406—425. '

8. E. Hille, The abstract Caucky problem and Cauchy's problem for parabolic differential
equations, Journal d’Analyse Mathématique (1) vol. 3 (1953-1954) pp. 81-196.

9. W. Feller, Zur Theorie der stochastischen Prozesse (Existenz und Eindeutigkeitssdtze),
Math. Ann. vol. 113 (1936) pp. 113-160.

10. N. Levinson, 4 simplified proof of the expansion theorem for singular second order linear
differential equations, Duke Math. J. (1) vol. 18 (1951) pp. 57-71.

11, , Addendum to [7], Duke Math. J. vol. 18 (1951) pp. 719-722.




548 HENRY P. McKEAN, JR.

12, K. Yosida, On Titchmarsh-Kodaira's formula concerning Weyl-Stone's eigenfunction
expansion, Nagoya Math. J. (June) vol. 1 (1950) pp. 49-58.

13. , Correction to my paper [9], Nagoya Math. J. (October vol. 6 (1953) pp. 187~
188.

14. S. Karlin and J. McGregor, Representation of a class of stochastic processes, Proc. Nat.
Acad. U.S.A. (6) vol. 41 (1955) pp. 387-391.;; 5

15. W. Ledermann and G. Reuter, Spectral theory for the differential equations of simple
birth and death processes, Philos. Trans. Roy. Soc. London. Ser. A. vol. 246 (1954) pp. 321-369.

16. W. Feller, The parabolic differential equations and the associated semi-groups of trans-
formations, Ann. of Math. (3) vol. 55 (1952) pp. 468-519. -

17. E. Hille, Functional analysis and semi-groups, Amer. Math. Soc. Colloquium Publica-
tions, vol. 31, New York, 1948.

18. R. Courant and D. Hilbert, Methoden der mathematischen Physik, vol. 1, Berlin,
Springer, 1931.

19. D. V. Widder, The Laplace transform, Princeton University Press, 1946.

20. A. N. Kolmogorov, Uber die analytischen Methoden in der Wahrscheinlichkeitsrechnung,
Math. Ann. vol. 104 (1931) pp. 415-458.

21. A. Khinchin, Asymptotische Gesetze der Wahrscheinlichkeitsrechnung, Ergebnisse der
Mathematik u. ihrer Grenzgebiete, vol.-2 (4), New York, Chelsea, 1948.

PRINCETON UNIVERSITY,
PrINCETON, N. J.

ERRATA, VOLUME 79

Monotone and convex operator functions. By J. Bendat and S. Sherman.
Pages 58-71.
Page 69, lines 1-2. Delete “linear.” Add “Hf"(x0) (x —x0)2.”



